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We consider the cosmological production of fermionic dark matter during inflation and a
post-inflationary radiation dominated era. This fermion only interacts gravitationally, has
a mass m much smaller than the Hubble scale during inflation (but is otherwise arbitrary)
and is in its Bunch-Davies vacuum state during inflation. We focus on superhorizon modes
at the end of inflation, and assume instantaneous reheating. We obtain the full energy
momentum tensor discussing its renormalization, and show that the contribution from par-
ticle production is of the kinetic-fluid form near matter-radiation equality. We find exactly
the distribution function of produced particles |B(k)|2 = 1
2
[
1 − (1 − e− k
2
2mTH )1/2
]
which
exhibits an “ emergent temperature” TH = H0
√
ΩR ≃ 10−36(eV). The abundance of the
produced particles Ωpp is very similar to that of a non-relativistic degree of freedom ther-
malized at temperature TH , Ωpp ∝ m (mTH)3/2 ≃
(
m/108GeV)
)5/2
and “cold” equation of
state w(a) ≃ (TH/ma2), both dominated by superhorizon modes at the end of inflation. We
discuss subtle aspects of isocurvature perturbations.
I. INTRODUCTION
While the cosmological and astrophysical evidence for, and necessity of, Dark Matter (DM) is
compelling, it is abundantly clear that a particle physics candidate must be sought in extensions
beyond the Standard Model. A multi decade effort for direct detection of various possible can-
didates has not yet led to the identification of a (DM) particle[1]-[5]. A theoretical challenge in
proposing a suitable particle physics candidate is to identify a production mechanism that yields the
correct abundance and equation of state to satisfy the cosmological and astrophysical constraints
and whose lifetime is of the order of, or larger than, the age of the Universe.
Particle production as a consequence of cosmological expansion is a remarkable phenomenon
that was studied in pioneering work in refs.[6–12]. An important aspect of this production mech-
anism is that it is naturally a consequence of the dynamical gravitational background, and if the
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2particle only interacts with gravity and no other degrees of freedom, its abundance is determined
solely by the particle mass, its coupling to gravity, and cosmological parameters, independent of
hypothetical couplings beyond the Standard Model.
Gravitational production has been studied for various candidates and different cosmological
backgrounds: heavy particles produced during inflation[13–16], via inflaton oscillations[17–19],
reheating[20, 21], or via cosmological expansion during an era with a particular equation of state[22],
and more recently ultralight bosonic particles cosmologically produced during inflation and a post-
inflation radiation era[23].
The study of cosmological production of a fermionic species has received far less attention.
Early work[24, 25] addressed this important cosmological production channel within the context
of standard cosmology, which was later extended to various inflationary scenarios[16, 26–30].
In this article we focus on studying in detail the cosmological production of a fermionic species
that only interacts with gravity, setting up initial conditions during a de Sitter inflationary era
and matching onto a post-inflation radiation dominated (RD) era, with important differences from
previous studies [27]:
i:)We consider the non-adiabatic gravitational production of a fermionic degree of freedom
throughout the inflationary and post-inflationary radiation dominated era until matter-radiation
equality. The fermion mass m is taken to be much smaller than the Hubble scale during inflation,
but is otherwise arbitrary. We solve exactly the Dirac equation during inflation and radiation
domination with the proper boundary conditions, and match the solutions at the transition from
inflation to radiation domination (RD).
ii:) This fermionic degree of freedom does not couple to the inflaton or any other field, it only
interacts gravitationally, and is in its Bunch-Davies vacuum state during inflation, which is taken
to be described by a de Sitter space-time.
iii:) We focus on super-Hubble wavelengths at the end of inflation, since these are the cos-
mologically relevant scales. Since these modes are outside the particle horizon and describe slow
dynamics causally disconnected from sub-horizon microphysics, we assume a rapid transition from
de Sitter inflation on to a radiation dominated stage. We obtain exactly the distribution function
of the produced particles, and establish consistently that the superhorizon modes at the end of
inflation yield the largest contribution to the final abundance and equation of state.
iv:) We do not invoke the adiabatic approximation to obtain a particle number. Instead,
we obtain the full energy momentum tensor, and its expectation value in the “in” Bunch-Davies
vacuum state. We discuss in detail its renormalization and unambiguously extract the contribution
3from particle production near matter radiation equality. We show that the asymptotic regime
becomes adiabatic well before matter radiation equality and show that in this adiabatic regime the
renormalized energy momentum tensor features the kinetic-fluid form after subtraction of the zero
point contribution.
Summary of main results:
We consider one fermionic species in a cosmological background from de Sitter inflation followed
by a radiation dominated (RD) era. This fermion has a mass m much smaller than the Hubble
scale during inflation, HdS , and does not couple to any other field. We focus on wavelengths
that are much larger than the particle horizon at the end of inflation; these modes describe slow
evolution and are causally decoupled from the microphysics thereby justifying the assumption
of a rapid transition from the de Sitter inflationary stage to a radiation dominated (RD) era.
The fermionic field is in its Bunch-Davies vacuum state during inflation. The mode functions
for the spinor solutions of the Dirac equation are found exactly during inflation and (RD) with
proper asymptotic boundary conditions, and matched continuously across the transition. We
consider space-time as a background : during inflation cosmological dynamics is dominated by the
inflaton, and during (RD) by the & 100 degrees of freedom of the standard model (and beyond).
Thus the (DM) contribution is negligible during these eras until near matter radiation equality.
We do not introduce an interpolating number operator based on some adiabatic approximation;
instead we obtain the exact energy momentum tensor valid during and post-inflation. We discuss
in detail its renormalization and extract the contribution from particle production near matter
radiation equality, when the adiabatic approximation is valid. In this regime we find that the
particle production contribution to the energy momentum tensor is of the kinetic fluid form with
a distribution function of the produced particles |Bk|2 = 12
[
1 − (1 − e−
k2
2mTH )1/2
]
with k the
comoving wavevector and an emergent temperature TH =
H0
2π
√
ΩR ≃ 10−36 eV, with H0,ΩR the
Hubble expansion rate and radiation fraction today. This distribution function is remarkably
similar to a Maxwell-Boltzmann distribution for a non-relativistic particle in thermal equilibrium
at temperature TH and vanishing chemical potential. The energy density near matter-radiation
equality is given by ρpp ≃ m(mTH)3/2/a3, with an abundance ΩppΩDM ≃
(
m
108GeV
)5/2
and equation
of state w(a) ≃
(
TH
ma2
)
. We confirm, self-consistently, that the contribution to the abundance and
equation of state is completely dominated by wavevectors that were well outside the horizon at the
end of inflation. We discuss subtle aspects of isocurvature perturbations. A comparison between
fermionic and bosonic fields conformally coupled to gravity is also discussed.
4This article is organized as follows: in section (II) we introduce the model and main assumptions.
In section (III) we obtain the exact fermionic spinors with “in” and “out” boundary conditions
during inflation and (RD) respectively, matching them at the end of inflation, and obtain the
Bogoliubov coefficients. In section (IV) we obtain the full energy momentum tensor, discuss in
detail its renormalization and show explicitly that in the adiabatic regime the contribution from
particle production features the kinetic-fluid form, with a distribution function determined by the
Bogoliubov coefficients. This distribution function exhibits an “emergent” temperature and is
remarkably similar to the Maxwell-Boltzmann distribution function for a non-relativistic degree of
freedom thermalized at this temperature. In this section we determine the (DM) abundance from
this fermionic species and its equation of state parameter w. In section (V) we discuss important
and subtle issues associated with isocurvature perturbations in the case under study. Section (VI)
presents a discussion of various aspects and comparison with previous work and the bosonic case.
Section (VII) summarizes our results and conclusions. Several appendices provide various technical
details.
II. THE MODEL
We consider a free Dirac fermion of mass m as a dark matter candidate ( generalization to
Majorana fermions is straightforward) and invoke the following main assumptions:
i:) It does not interact with any other field, including the inflaton or any other field that drives
inflation. It only interacts gravitationally. It is light as compared to the Hubble scale during
inflation HdS , and we focus on superhorizon wavelengths at the end of inflation, since these are
the most relevant for structure formation. The small dimensionless parameters ε =
√
m/HdS ≪ 1
and kηR ≪ 1 with ηR the horizon scale at the end of inflation, furnish two small parameters that
allow for an exact solution of Bogoliubov coefficients (see below).
ii:) The inflationary stage is described by an exact de Sitter space-time, thereby neglecting
slow roll corrections, and the fermion field is in its Bunch-Davies vacuum state during this stage.
iii:) We assume instantaneous reheating: namely we consider an instantaneous transition from
the inflationary to a radiation dominated stage post-inflation. There is as yet an incomplete un-
derstanding of the non-equilibrium dynamics of reheating. Reheating dynamics depend crucially
on various assumptions regarding couplings with the inflaton and/or other fields, and on ther-
malization processes in an expanding cosmology; see the review[31] for further references. The
question of how the nearly ≃ 100 degrees of freedom of the Standard Model attain a state of
5local thermodynamic equilibrium after inflation and on what time scales is still unanswered. Most
studies model the couplings and dynamics; therefore any model of reheating is at best tentative
and very approximate. We bypass the inherent ambiguities and model dependence of the reheating
dynamics, and assume instantaneous reheating after inflation to a radiation dominated (RD) era.
The physical reason behind this assumption is that we are primarily concerned with wavevectors
that have crossed the Hubble radius during inflation well before the transition to (RD) and are well
outside the horizon during this transition; hence they are causally decoupled from the microphysics
of reheating. These modes feature very slow dynamics at the end of inflation, and the assumption
that they are nearly frozen during the reheating time interval seems physically warranted (see
further discussion in section (VI)). We assume that both the scale factor and the Hubble rate are
continuous across the transition. Along with the continuity of fermion wave functions across the
transition, this, in fact, entails the continuity of the energy momentum tensor. These aspects will
be discussed in detail below.
iv:) Unlike previous studies that invoked the adiabatic approximation, we study non-adiabatic
cosmological production. This is a direct consequence of a very small mass compared to the Hubble
scale during inflation and field fluctuations with superhorizon wavelengths after inflation.
v:) Inflation is generically driven by a scalar field whose expectation value dominates the energy
momentum tensor that sources gravity. The (RD) era is dominated by a large number & 100 of
ultrarelativistic degrees of freedom, therefore neglecting the back reaction of the (DM) degree of
freedom is justified. Therefore, we take the space time metric during these eras as a background.
In comoving coordinates, the action is given by
S =
∫
d3x dt
√−gΨ
[
i γµ Dµ −m
]
Ψ . (II.1)
Introducing the vierbein field eµa(x) defined as
gµ ν(x) = eµa(x) e
ν
b (x) η
ab ,
where ηab = diag(1,−1,−1,−1) is the Minkowski space-time metric, the curved space time Dirac
gamma- matrices γµ(x) are given by
γµ(x) = γaeµa(x) , {γµ(x), γν(x)} = 2 gµν(x) , (II.2)
where the γa are the Minkowski space time Dirac matrices, chosen to be in the standard Dirac
representation. The fermion covariant derivative Dµ is given in terms of the spin connection
6by[9, 11, 32, 33]
Dµ = ∂µ + 1
8
[γc, γd] eνc
(
∂µedν − Γλµν edλ
)
, (II.3)
where Γλµν are the usual Christoffel symbols.
For a spatially flat Friedmann-Robertson-Walker cosmology in conformal time dη = dt/a(t),
the metric becomes
gµν = a
2(η) ηµν , (II.4)
where ηµν = diag(1,−1,−1,−1) is the flat Minkowski space-time metric, and the vierbeins eµa are
given by
eµa = a
−1(η) δµa ; e
a
µ = a(η) δ
a
µ . (II.5)
The fermionic part of the action in conformal coordinates now becomes
Sf =
∫
d3x dη a4(η)Ψ(~x, η)
[
i
γ0
a(η)
( d
dη
+ 3
a
′
(η)
2a(η)
)
+ i
γi
a(η)
∇i −m
]
Ψ(~x, η) . (II.6)
The Dirac Lagrangian density in conformal time simplifies to
√−g Ψ
(
i γµ DµΨ−m
)
Ψ =
(
a3/2(η)Ψ(~x, η)
) [
i 6∂ −m a(η)
](
a3/2(η)Ψ(~x, η)
)
, (II.7)
where i6∂ = γa∂a is the usual Dirac differential operator in Minkowski space-time in terms of flat
space time γa matrices. Introducing the conformally rescaled fields
a
3
2 (η)Ψ(~x, t) = ψ(~x, η) , (II.8)
the action becomes
S =
∫
d3x dη ψ
[
i 6∂ −M(η)
]
ψ , (II.9)
with
M(η) = ma(η) . (II.10)
The Dirac equation for the conformally rescaled fermi field becomes[
i 6∂ −M(η)
]
ψ = 0 . (II.11)
7We consider Dirac fermions (Majorana fermions are a straightforward generalization), and expand
ψ(~x, η) in a comoving volume V as
ψ(~x, η) =
1√
V
∑
~k,s
[
b~k,s Us(
~k, η) + d†−~k,s Vs(−~k, η)
]
ei
~k·~x , (II.12)
and the spinor mode functions U, V obey the Dirac equations[
i γ0 ∂η − ~γ · ~k −M(η)
]
Us(~k, η) = 0 (II.13)[
i γ0 ∂η − ~γ · ~k −M(η)
]
Vs(−~k, η) = 0 . (II.14)
Multiplying the above equations both by γ0 we find that
d
dη
(
U †s (~k, η)Us(~k, η)
)
= 0 ;
d
dη
(
V †s (−~k, η)Vs(−~k, η)
)
= 0 ;
d
dη
(
U †s (~k, η)Vs(−~k, η)
)
= 0 .
(II.15)
We choose to work with the standard Dirac representation of the (Minkowski) γa matrices.
It proves convenient to write
Us(~k, η) =
[
i γ0 ∂η − ~γ · ~k +M(η)
]
fk(η)us (II.16)
Vs(−~k, η) =
[
i γ0 ∂η − ~γ · ~k +M(η)
]
gk(η) vs (II.17)
with us , vs being constant spinors obeying
γ0 us = us , γ
0 vs = −vs . (II.18)
We choose the spinors us ; vs as
us =
 ξs
0
 ; vs =
 0
ξs
 , (II.19)
where the two component spinors ξs are chosen to be helicity eigenstates, namely
~σ · ~k = s k ξs ; s = ±1 . (II.20)
Inserting the ansatz (II.16,II.17) into the Dirac equations (II.13,II.14) we find that the mode
functions fk(η); gk(η) obey the following equations of motion[
d2
dη2
+ k2 +M2(η)− i M ′(η)
]
fk(η) = 0 , (II.21)[
d2
dη2
+ k2 +M2(η) + i M ′(η)
]
gk(η) = 0 . (II.22)
8We will adopt “in” boundary conditions for wave vectors deep inside the Hubble radius during
inflation, so that as −kη →∞
fk(η) → e−ikη ; gk(η) → eikη . (II.23)
With these boundary conditions, it follows from equations (II.21,II.22) that
gk(η) = f
∗
k (η) . (II.24)
Finally, the spinor solutions with “in” boundary conditions are
Us(~k, η) = N
 Fk(η) ξs
k fk(η) s ξs
 , (II.25)
Vs(−~k, η) = N
 −k f∗k (η) s ξs
F∗k (η) ξs
 , (II.26)
where we introduced
Fk(η) = if ′k(η) +M(η)fk(η) , (II.27)
and N is a (constant) normalization factor.
The spinor solutions are normalized as follows
U †s (~k, η)Us′(~k, η) = δs,s′ ; V
†
s (−~k, η)Vs′(−~k, η) = δs,s′ , (II.28)
yielding
|N |2
[
F∗k (η)Fk(η) + k2f∗k (η) fk(η)
]
= 1 . (II.29)
With these normalization conditions the operators b~k,s, d~k,s in the field expansion (II.12) obey the
usual canonical anticommutation relations.
Furthermore, it is straightforward to confirm that
U †s (~k, η)Vs′(−~k, η) = 0 . (II.30)
The spinors Us, Vs furnish a complete set of four independent solutions of the Dirac equation.
9The inflationary stage is described by a spatially flat de Sitter space time (thereby neglecting
slow roll corrections) with a scale factor
a(η) = − 1
HdS(η − 2ηR) , (II.31)
where HdS is the Hubble constant during de Sitter and ηR is the (conformal) time at which the de
Sitter stage transitions to the (RD) stage.
During the (RD) stage the scale factor is given by
a(η) = HR η (II.32)
with
HR = H0
√
ΩR ≃ 10−35 eV , (II.33)
and matter radiation equality occurs at
aeq =
ΩR
ΩM
≃ 1.66 × 10−4 . (II.34)
In (II.33) we have taken the value for the fraction density ΩR today, thereby neglecting the
change in the number of degrees of freedom contributing to the radiation density fraction. If
there are g effective ultrarelativistic degrees of freedom, eqn. (II.33) must be multiplied by
√
g/2.
However, g varies in time as different particles become non-relativistic. As discussed in section
(VI) by taking g = 2 (corresponding to radiation today) we will obtain a lower bound on the (DM)
abundance and equation of state but differing by a factor of O(1) from the correct abundance if
the (RD) era is dominated only by standard model degrees of freedom. We discuss this aspect
further in section (VI).
We model the transition from de Sitter to (RD) at a (conformal) time ηR by requiring that
the scale factor and the Hubble rate be continuous across the transition at ηR, assuming self-
consistently that the transition occurs deep in the (RD) era so that a(ηR) = HR ηR ≪ aeq.
Using H(η) = a′(η)/a2(η), continuity of the scale factor and Hubble rate at ηR imply that
adS(ηR) =
1
HdS ηR
= HR ηR ; HdS =
1
HR η2R
, (II.35)
yielding
ηR =
1√
HdS HR
. (II.36)
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The most recent constraints from Planck[34] on the tensor-to-scalar ratio yields
HdS/MP l < 2.5× 10−5 (95%)CL . (II.37)
We take as a representative value HdS = 10
13GeV, from which it follows that
adS(ηR) = HR ηR =
√
HR
HdS
≃ 10−28 ≪ aeq . (II.38)
This scale corresponds to an approximate ambient radiation temperature after the transition from
de Sitter to (RD)
T (ηR) ≃ T0
aRD(ηR)
≃ 1015GeV (II.39)
where T0 ∝ 10−4 eV is the CMB temperature today.
We focus on the case when the fermion is “light” as compared to the scale of inflation, namely
m≪ HdS , but otherwise arbitrary, and introduce the dimensionless ratio
ε =
√
m
HdS
≪ 1 , (II.40)
which will play an important role in the analysis.
A. Matching conditions:
Defining ψ<(~x, η) and ψ>(~x, η) the fermion field for η < ηR and η > ηR respectively, and
because the Dirac equation (II.11) is first order in time the Dirac field is continuous across the
transition, the matching condition is
ψ<(~x, ηR) = ψ
>(~x, ηR) . (II.41)
This continuity condition along with the continuity of the scale factor and Hubble rate at ηR results
in that the energy density, namely the expectation value of T 00 is continuous at the transition. This
important aspect is discussed further in section (IV).
Introducing the Dirac spinors during the inflationary (η < ηR) and radiation-dominated (η >
ηR) dominated stages as U
< , V < and U> , V > respectively, it follows from the matching condition
(II.41) that
U<s (
~k, ηR) = U
>
s (
~k, ηR) , (II.42)
V <s (−~k, ηR) = V >s (−~k, ηR) . (II.43)
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B. Adiabatic vs. non-adiabatic evolution, asymptotic “out” particle states.
Our goal is to solve exactly the mode equations during the inflationary and (RD) stages and
implement the matching conditions (II.41,II.42,II.43). During inflation the mode equations are
solved with the “in” boundary conditions (II.23) corresponding to the fermi fields being in the
Bunch-Davies vacuum state (see next section). We now need to determine the boundary conditions
on the mode functions during (RD).
Let us consider solving the mode equation (II.21) in a Wentzel-Kramers-Brillouin (WKB) adi-
abatic expansion, writing
fk(η) = e
−i ∫ η Ωk(η′) dη′ , (II.44)
we find that Ωk(η) obeys
Ω2k(η) + iΩ
′
k(η)− ω2k(η) + iM ′(η) = 0 ; ω2k(η) = k2 +M2(η) . (II.45)
Expanding Ωk(η) = Ω
(0)
k (η) + Ω
(1)
k (η) + · · · where the superscript implies order in a derivative
adiabatic expansion, we find up to first order (see Appendix (C))
Ωk(η) = ωk(η)
[
1− i ω
′
k(η)
2ω2k(η)
− i M
′(η)
2ω2k(η)
+ · · ·
]
, (II.46)
where the dots stand for terms with higher order derivatives with respect to η. We refer to terms
with n-derivatives as n− th order adiabatic. We note that the term M ′(η) in the mode equation
(II.21) is formally first order adiabatic, as is manifest in eqn. (II.46). This adiabatic expansion is
reliable and useful provided that terms of higher adiabatic order are smaller order by order. To
assess the reliability, consider the first order corrections displayed in (II.46), and writing them as
follows
M ′(η)
ω2k(η)
=
H(η)
m
1
γ2k(η)
;
ω′k(η)
ω2k(η)
=
H(η)
m
1
γ3k(η)
, (II.47)
where H(η), γk(η) are the Hubble expansion rate and local Lorentz factor respectively, namely
H(η) =
a′(η)
a2(η)
; γk(η) =
[
1 +
( k
ma(η)
)2]1/2
. (II.48)
During inflation and for superhorizon wavelengths, it follows that
M ′(η)
ω2k(η)
≃ ω
′
k(η)
ω2k(η)
≃ HdS
m
≃ 1
ε
≫ 1 . (II.49)
Therefore, the adiabatic approximation fails during the inflationary stage for superhorizon wave-
lengths and m≪ HdS.
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During the (RD) era and for very long-wavelength modes,
M ′(η)
ω2k(η)
≃ ω
′
k(η)
ω2k(η)
≃ HR
ma2(η)
, (II.50)
therefore the adiabatic expansion becomes reliable for
a(η)≫ 10
−17√
m/(eV)
. (II.51)
Even for m as small as 10−22 eV the adiabatic expansion becomes reliable prior to matter radiation
equality. We anticipate that the most interesting range for fermionic (DM) is m ≫ GeV (see
section (IV) below), hence the adiabatic approximation becomes very reliable for a(η) ≫ 10−22.
Two important points follow from this analysis: i:) during inflation and in the early stages of
(RD) following the transition from inflation, the adiabatic approximation is not reliable in the
range 10−28 . a(η) . 10−22, ii:) near matter radiation equality (aeq ≃ 10−4) the adiabatic
approximation to zeroth order is very reliable. Therefore, the mode functions both during inflation
and the early stages after the transition to (RD) must be found exactly, and the asymptotic
“out” boundary conditions for these modes during (RD) can be reliably defined in the asymptotic
adiabatic regime. Appendix (C) provides more technical details on the nature of the adiabatic
expansion for Fermi fields.
In summary: we do not invoke the adiabatic approximation during inflation or the early stages
after the transition to (RD), solving exactly for the mode functions during these stages. However,
we do invoke it to determine the asymptotic “out” boundary conditions on the mode functions
and spinors during the (RD) era. We refer to the solutions of eqn. (II.21) for the mode functions
fk(η) during the (RD) era obeying the asymptotic “out” boundary conditions just prior to aeq, as
asymptotic “out” particle states.
fk(η) → e−i
∫ η ωk(η′) dη′ = e−i
∫ t Ek(t′) dt′ , (II.52)
where in comoving time
Ek(t) =
√
k2ph(t) +m
2 ; kph(t) = k/a(η(t)) . (II.53)
In the next section we will solve exactly for the mode functions fk(η) and the spinor solutions
of the Dirac equation both during inflation and radiation domination with the “in” and “out”
(particle) asymptotic boundary conditions,
fk(η) −−−−−−→−kη→∞ e
−ikη IN (inflation) , (II.54)
fk(η) −−−−−−→a(η)≃aeq e
−i ∫ η ωk(η′) dη” OUT (RD) , (II.55)
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identifying the solutions with this “out” boundary conditions as describing particle states. The
mode functions gk(η) = f
∗
k (η) and the corresponding spinors are associated with the anti-particle
“out” states. We then match the respective solutions at η = ηR via the matching conditions
(II.42,II.43).
III. EXACT SOLUTIONS:
A. Inflationary stage:
We consider that the inflationary stage is described by an exact de Sitter space time with
scale factor given by eqn. (II.31) and that the fermionic degrees of freedom are in the Bunch-
Davies vacuum state during inflation. This implies that consistently with (II.23) the solutions
Us(~k, η);Vs(−~k, η) obey the “in” boundary conditions
Us(~k, η)→ e−ikη ; Vs(~k, η)→ eikη , (III.1)
for wavevectors deep inside the Hubble radius −kη →∞, given by (II.25,II.26) along with
b~k,s|0〉 = 0 ; d−~k,s|0〉 = 0 , (III.2)
The equations (II.21,II.22) for the mode functions becomes[
d2
dτ2
+ k2 − ν
2 − 1/4
τ2
]
fk(τ) = 0 ; τ = η − ηR ; ν = 1
2
− i ε2 . (III.3)
in terms of the dimensionless ratio (II.40). The solution with “in” boundary conditions (II.54),
namely fk(η)→ e−ikη for sub-Hubble modes, is given by
fk(τ) =
√
−πkτ
2
eiπ(ν+1/2)/2 H(1)ν (−kτ) ; gk(τ) = f∗k (τ) , (III.4)
where H
(1)
ν is a Hankel function.
Therefore with Bunch-Davies boundary conditions, the spinors U<(~k, η) ; V <(−~kη) are given
by the expressions (II.25,II.26) with fk(η) given by (III.4). In the superhorizon limit the solution
(III.4) behaves as
fk(τ) ∝
[− kτ]iε2 , (III.5)
therefore unlike the case of bosonic degrees of freedom, these mode functions are not enhanced for
superhorizon wavelengths with the modulus remaining O(1). Furthermore, as it will become clear
14
below, the relevant dimensionless comoving momentum is (see below) q = k/
√
mHR from which it
follows that at the end of inflation kηR = q ε ≪ 1. It will be shown below (see section (IV)) that
the abundance of produced (DM) particles is dominated by the region q ≃ 1 hence the phase in
(III.5) is very slowly varying at the end of inflation for the relevant modes.
B. Radiation dominated stage:
We define the mode functions during (RD) as hk(η) to distinguish them from the solutions
during the inflationary era. These obey the mode equations[
d2
dη2
+ ω2k(η)− imHR
]
hk(η) = 0 ; ω
2
k(η) = k
2 +m2H2Rη
2 . (III.6)
During the (RD) stage we introduce the spinors U ,V that describe asymptotic particle and anti-
particle “out” states at long time respectively. These are solutions of the Dirac equation during
the (RD) era satisfying the asymptotic “out” boundary conditions (II.55) yielding
U(~k, η)→∝ e−i
∫ η ωk(η′) dη′ ; V(~k, η)→∝ ei
∫ η ωk(η′) dη′ . (III.7)
This “out” boundary condition corresponds to the mode functions hk(η) solutions of (III.6) with
the asymptotic behavior (II.55), namely
hk(η)→ e−i
∫ η ωk(η′) dη′ . (III.8)
With these boundary conditions we find that these particle-antiparticle spinors are given by
Us(~k, η) = N˜
 Hk(η) ξs
k hk(η) s ξs
 , (III.9)
Vs(−~k, η) = N˜
 −k h∗k(η) s ξs
H∗k(η) ξs
 , (III.10)
where we have introduced
Hk(η) = ih′k(η) +M(η)hk(η) , (III.11)
and N˜ is a (constant) normalization factor chosen so that
U†s (~k, η)Us′(~k, η) = δs,s′ ; V†s(−~k, η)Vs′(−~k, η) = δs,s′ , (III.12)
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yielding
|N˜ |2
[
H∗k(η)Hk(η) + k2h∗k(η)hk(η)
]
= 1 . (III.13)
Again, it is straightforward to confirm that
U†s (~k, η)Vs′(−~k, η) = 0 . (III.14)
These form a complete set of four solutions of the Dirac equation (s = ±1) during (RD).
It is convenient to introduce the following dimensionless combinations,
z =
√
mHR η ; q =
k√
mHR
; λ = q2 − i (III.15)
in terms of which eqn. (III.6) becomes
d2
dz2
hk(z) + (z
2 + λ)hk(z) = 0 , (III.16)
the solutions of which are the parabolic cylinder functions[35–39]
Dα[
√
2eiπ/4z] ; Dα[
√
2e3iπ/4z] ; α = −1
2
− iλ
2
= −1− i q
2
2
. (III.17)
The solution that fulfills the “out” boundary condition (III.8) (see appendix A) is given by
hk(η) = Dα[
√
2eiπ/4z] . (III.18)
The general solution for the spinor wave functions U>, V > during the (RD) era are linear combina-
tions of the four independent solutions (III.9,III.10). In principle, with four independent solutions
during inflation matching onto four independent solutions during (RD) there would be a 4 × 4
matrix of Bogoliubov coefficients, however, because helicity is conserved, the linear combinations
are given by
U>s (
~k, η) = Ak,s Us(~k, η) +Bk,s Vs(−~k, η) (III.19)
V >s (−~k, η) = Ck,s Vs(−~k, η) +Dk,s Us(~k, η) . (III.20)
The Bogoliubov coefficients Ak,s · · ·Dk,s are obtained from the matching conditions (II.42,II.43)
and the relations (III.12,III.14). We find
Ak,s = U†s (~k, ηR)U<s (~k, ηR) = NN˜
[
H∗k Fk + k2h∗kfk
]
η=ηR
(III.21)
Bk,s = V†s(−~k, ηR)U<s (~k, ηR) = NN˜ s
[
− khkFk + kfkHk
]
η=ηR
(III.22)
Ck,s = V†s(−~k, ηR)V <s (−~k, ηR) = NN˜
[
k2hkf
∗
k +Hk F∗k
]
η=ηR
(III.23)
Dk,s = U†s (~k, ηR)V <s (−~k, ηR) = NN˜ s
[
− kf∗kH∗k + kh∗kF∗k
]
η=ηR
. (III.24)
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From these relations we find the important corollary
Dk,s = −B∗k,s ; Ck,s = A∗k,s , (III.25)
which guarantees the orthogonality
U>s
†
(~k, η)V >s (−~k, η) = 0 . (III.26)
Furthermore the normalization conditions (II.28,II.30,III.12,III.14) yield the following relations
between Bogoliubov coefficients
|Ak,s|2 + |Bk,s|2 = |Ck,s|2 + |Dk,s|2 = 1 , (III.27)
which can be confirmed straightforwardly from the expressions (III.21-III.24) and the normalization
conditions.
During the (RD) era, with Us ≡ U>s ;Vs ≡ V >s with U>, V > given by (III.19,III.20) the field
expansion (II.12) becomes
ψ(~x, η) =
1√
V
∑
~k,s
[
b˜~k,s Us(~k, η) + d˜
†
−~k,s Vs(−~k, η)
]
ei
~k·~x , (III.28)
where
b˜~k,s = b~k,sAk + d
†
−~k,sDk,s (III.29)
d˜ †−~k,s = d
†
−~k,sCk,s + b~k,sBk,s . (III.30)
The relations (III.27, III.25) entail that the new operators b˜, d˜ obey the canonical anticommutation
relations. The operators b˜ and d˜ create asymptotic particle and antiparticle states respectively.
In particular we find that the number of asymptotic “out” particle and antiparticle states in the
Bunch-Davies vacuum state (III.2) are given by
〈0|˜b†~k,sb˜~k,s|0〉 = |Dk,s|
2 = 〈0|d˜†−~k,sd˜−~k,s|0〉 = |Bk,s|
2 . (III.31)
We identify |Bk,s|2 with the distribution function of produced particles. The relation (III.27) implies
that
|Bk,s|2 ≤ 1 , (III.32)
for each polarization s, consistent with Pauli exclusion.
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C. Bogoliubov coefficients:
The Bogoliubov coefficients are obtained from the relations (III.21-III.24) where the scalar
products of spinors are evaluated at the transition time η = ηR. For light fermions withm/HdS ≪ 1
(ε≪ 1) these can be greatly simplified with the following approximations:
i:) During the inflationary era and taking ν = 1/2 for ε≪ 1 in the solutions (III.4)) yields
fk(ηR) = e
ikηR ≃ 1 , (III.33)
where we have considered modes that are super-Hubble at the transition time, namely |kηR| ≪ 1.
Furthermore, with
M(ηR) =
mHR√
HRHdS
= ε
√
mHR , (III.34)
the normalization constant N in the spinors (II.25,II.26) is obtained by normalizing the spinors at
η = ηR. In terms of the dimensionless ratio q = k/
√
mHR to lowest order in ε at η = ηR these
spinors are given by
U<s (
~k, ηR) =
1√
2q(q + ε)
 (q + ε) ξs
q s ξs
 (III.35)
V <s (−~k, ηR) =
1√
2q(q + ε)
 q s ξs
(q + ε) ξs
 . (III.36)
ii:) During radiation domination, it follows from the definitions (III.15) that at the transition
time,
zR =
√
mHR
HRHdS
= ε≪ 1 , (III.37)
and for z ≪ 1 the parabolic cylinder functions feature an expansion in zR and q zR = kηR ≪ 1
(see appendix (A)) for superhorizon wavevectors. Therefore we can safely approximate zR = 0 in
the argument of the parabolic cylinder functions yielding the following identities,
hk(ηR) =
√
π/2 2−iq
2/4
Γ[1 + i q
2
4 ]
, (III.38)
h′k(ηR) = −
√
2π eiπ/42−iq
2/4
√
mHR
Γ[12 + i
q2
4 ]
. (III.39)
iii:) The result |Bk,s|2 ≤ 1 implies that there are no infrared divergences in the distribution
function of particles, and in integrals, the small k region is suppressed by phase space. Furthermore,
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we anticipate, and prove below self-consistently, that in typical integrals involving |Bk,s|2 the most
relevant region is k ≃ √mHR, namely q ≃ 1 (see below). Therefore, consistently with neglecting
the O(ε) terms in (III.38,III.39) we set ε→ 0 in the spinors (III.35,III.36). With these results, the
normalization constant N˜ is obtained from the normalization conditions (III.12) at η = ηR, it is
given by (see appendix (B))
N˜ =
e−πq
2/8
√
2mHR
. (III.40)
With the approximations discussed above, and from the result (III.22) we find
|Bk,s|2 = 1
2
[
1− N˜ q
√
mHR
(
H∗k(ηR)hk(ηR) +Hk(ηR)h∗k(ηR)
)]
. (III.41)
The calculation of the second term in the bracket is discussed in detail in appendix (B) with the
result,
|Bk,s|2 = 1
2
[
1−
(
1− e−πq2
)1/2 ]
, (III.42)
yielding the behaviour
|Bk,s|2 −−→k→0
1
2
; |Bk,s|2 −−−−−−−→
k≫√mHR
1
4
e
− 2pi k2
2mHR ≡ 1
4
|Bmb(k)|2 . (III.43)
The long-wavelength limit agrees with ref.[27]. Remarkably, up to the prefactor 1/4, for k &
√
mHR
the Bogoliugov coefficient yields a Maxwell-Boltzmann distribution function (|Bmb(k)|2) for a non-
relativistic particle at an “emergent” temperature
TH =
HR
2π
≃ 10−36 eV , (III.44)
and vanishing chemical potential in agreement with the result (III.31) which indicates that the
number of produced particles equals that of anti-particles. Figs. (1; 2) display |B(q)|2 and q2|B(q)|2
vs. q respectively.
Writing the distribution function as
|Bk,s|2 = 1
2
[
1− (1− e− k22mTH )1/2] (III.45)
makes manifest the striking similarity with a Maxwell-Boltzmann distribution function of a non-
relativistic particle in thermal equilibrium at temperature TH and vanishing chemical potential,
up to an overall normalization. Clearly the similarity does not hold for the longest wavelengths,
which however are suppressed by the phase space factor, but for k
2
2m & TH the difference is small.
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Figure 1: The distribution function |Bk,s|2 ≡ |B(q)|2 vs q = k/
√
mHR.
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Figure 2: The integrand q2|Bk,s|2 vs q = k/
√
mHR.
Fig. (3) compares K2|Bk,s|2 to K24 |Bmb(k)|2 ≡ K
2
4 e
−K2 vs. K = k√
2mTH
. The maximum difference
is . 10%, and occurs at low momenta.
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Figure 3: The distributions K2|Bk,s|2 and K24 |Bmb(k)|2 = K
2
4
e−K
2
vs K = k/
√
2mTH .
An important note is that the distribution function is localized in the region q ≃ 1, namely in
the range of momenta k ≃ √mHR, for which kηR .
√
mHR
HdSHR
. ε ≪ 1. Therefore, the largest
contribution to the distribution function, hence the abundance and equation of state, is from
wavelengths that are well outside the horizon at the end of inflation. This analysis confirms self-
consistently the validity of one of the main assumptions, namely that of focusing on superhorizon
wavelengths at the end of inflation.
IV. ENERGY MOMENTUM TENSOR: RENORMALIZATION AND ASYMPTOTICS:
A. Energy density and pressure:
The energy momemtum tensor for Dirac fields is given by [11]
T µν =
i
2
(
Ψγµ
↔
Dν Ψ
)
+ µ↔ ν (IV.1)
The expectation value of the energy momentum tensor in the Bunch-Davies vacuum state is
given by
〈0|T µν |0〉 = diag
(
ρ(η),−P (η),−P (η),−P (η)) . (IV.2)
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In terms of conformal time and the conformally rescaled fields (II.8) The energy density ρ and
pressure P are given by
ρ(η) = 〈0|T 00 |0〉 =
i
2a4(η)
〈0|
(
ψ†(~x, η)
d
dη
ψ(~x, η)− d
dη
ψ†(~x, η)ψ(~x, η)
)
|0〉 , (IV.3)
P (η) = −1
3
∑
j
〈0|T jj |0〉 =
−i
6a4(η)
〈0|
(
ψ†(~x, η) ~α · ~∇ψ(~x, η)− ~∇ψ†(~x, η) · ~αψ(~x, η)
)
|0〉 , (IV.4)
where ~α = γ0 ~γ and the expectation value is in the Bunch-Davies vacuum state. With the field
expansion (II.12) we find
ρ(η) =
i
2a4(η)
∫ ∞
0
∑
s
[
V †s (−~k, η)
d
dη
Vs(−~k, η)− d
dη
V †s(−~k, η)Vs(−~k, η)
]
d3k
(2π)3
, (IV.5)
P (η) =
1
3 a4(η)
∫ ∞
0
∑
s
V †s (−~k, η) ~α · ~k Vs(−~k, η)
d3k
(2π)3
. (IV.6)
Using the Dirac equation, it is straightforward to confirm covariant energy conservation, and
also that ρ(η) can be written as
ρ(η) =
1
a4(η)
∫ ∞
0
∑
s
V †s (−~k, η)
[
~α · ~k + γ0M(η)
]
Vs(−~k, η) d
3k
(2π)3
, (IV.7)
yielding
〈0|T µµ |0〉 =
m
a3(η)
∫ ∞
0
∑
s
V s(−~k, η)Vs(−~k, η) d
3k
(2π)3
. (IV.8)
Furthermore, the continuity of the scale factor and Hubble rate and the continuity condition
(II.41) ensure that the energy momentum tensor is continuous across the transition from inflation
to radiation domination.
During the inflationary stage the V spinors are given by (II.26) with (III.4) and the energy
momentum tensor yields the Bunch-Davies vacuum energy density and pressure, which will be
fully subtracted in the renormalization of the energy momentum tensor (see below) .
During the (RD) stage the spinors Vs ≡ V >s are given by (III.20) in terms of the Bogoliubov
coefficients and the spinors U ,V with particle and anti-particle “out” boundary conditions. Both
the energy density and pressure feature three distinct terms:
ρ(η) = ρvac(η) + ρint(η) + ρpp(η) (IV.9)
P (η) = Pvac(η) + Pint(η) + Ppp(η) , (IV.10)
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where
ρvac =
1
a4(η)
∫ ∞
0
∑
s=±1
[
V†s(−~k, η)Σ(~k, η) Vs(−~k, η)
] d3k
(2π)3
, (IV.11)
ρint = − 1
a4(η)
∫ ∞
0
∑
s=±1
[
Ak,sB
∗
k,s V†s(−~k, η)Σ(~k, η) Us(~k, η) + h.c.
] d3k
(2π)3
, (IV.12)
ρpp =
1
a4(η)
∫ ∞
0
∑
s=±1
|Bk,s|2
[
U†s (~k, η)Σ(~k, η) Us(~k, η) − V†s(−~k, η)Σ(~k, η) Vs(−~k, η)
] d3k
(2π)3
,
(IV.13)
where
Σ(~k, η) = ~α · ~k + γ0M(η) , (IV.14)
is the conformal time instantaneous Dirac Hamiltonian, and
Pvac =
1
3a4(η)
∫ ∞
0
∑
s=±1
[
V†s(−~k, η) ~α · ~k Vs(−~k, η)
] d3k
(2π)3
, (IV.15)
Pint = − 1
3a4(η)
∫ ∞
0
∑
s=±1
[
Ak,sB
∗
k,s V†s(−~k, η) ~α · ~k Us(~k, η) + h.c.
] d3k
(2π)3
, (IV.16)
Ppp =
1
3a4(η)
∫ ∞
0
∑
s=±1
|Bk,s|2
[
U†s (~k, η) ~α · ~k Us(~k, η) − V†s(−~k, η) ~α · ~k Vs(−~k, η)
] d3k
(2π)3
,
(IV.17)
where we have used the identities (III.25,III.27).
The terms ρvac, Pvac are the vacuum contributions during (RD); that this is the case should be
clear from the fact that the spinors V are the solutions during (RD) with “out” boundary conditions
associated with asymptotic anti-particle states.
The terms ρint, Pint describe the interference between positive and negative (asymptotic) en-
ergy solutions akin to the phenomenon of Zitterbewegung, and the last terms ρpp, Ppp describe the
contributions from particle production with |Bk,s|2 being identified as the distribution function of
the produced particles.
Renormalization:
The expectation value of the energy momentum tensor in a gravitational background features
ultraviolet divergences that must be renormalized. The renormalization program has been thor-
oughly studied in refs.[9, 11, 40–46], and extended for spin 1/2 degrees of freedom in refs.[47–51].
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The vacuum terms, namely those for Bk,s = 0, feature quartic, quadratic and logarithmic
ultraviolet divergences that are renormalized by subtractions. The program to renormalize these
divergences is well established and has been implemented in refs.[9, 11, 40–51]. As discussed in
detail in these references, the ultraviolet divergences are absorbed into renormalizations of the
cosmological constant, Newton’s constant G, and into the geometric tensors H
(1,2)
µν which result
from the variational derivative with respect to the metric of a gravitational action that includes
higher curvature terms ∝ R2, RµνRµν · · · . These higher curvature terms are added in the action
multiplied by counterterms, which are then required to cancel the coefficients of the geometric
tensors in such a way that the renormalized action is the Einstein-Hilbert action. The subtractions
necessary to renormalize the (expectation value) of the energy momentum tensor, not only include
the ultraviolet divergent terms but depending on the renormalization prescription may also subtract
finite terms. Therefore, the finite renormalized energy momentum tensor is not unique and depends
on the renormalization prescription.
Since |Bk,s| is exponentially suppressed at large momentum, the interference and particle pro-
duction contributions in the (RD) era are ultraviolet finite, and originate, distinctly in the particle
production mechanism, whereas the vacuum terms both during (RD) and inflation feature the
ultraviolet divergences and are independent of particle production as these are, simply, the zero
point contributions. We renormalize the theory by completely subtracting the vacuum contribution
to the energy momentum tensor, both during inflation and the (RD) stage.
B. Asymptotics: kinetic fluid form of T µν , (DM) abundance and equation of state.
After subtraction of the vacuum terms, the renormalized 〈0|T µν |0〉 vanishes identically during
inflation and features only the particle production terms proportional to the Bogoliubov coefficient
Bk during (RD). In this latter era, the cosmological dynamics is dominated by the thermalized rel-
ativistic degrees of freedom of the standard model (and possibly beyond). Hence, the contribution
of the (DM) degree of freedom can be neglected until it begins to dominate near matter radiation
equality. As discussed in section (II B) the adiabatic approximation becomes reliable well before
matter radiation equality for masses m≫ 10−22 eV.
In the adiabatic regime the exact solution of the mode equation (III.6) for the spinors U ,V
evolves into the WKB adiabatic solution (III.8) as discussed in section (IIIB) and described in
detail in appendix (C).
Therefore, we can study the contribution of the energy momentum tensor in this regime by
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implementing the adiabatic expansion of the mode functions discussed in (II B) and appendix (C).
We will show self-consistently below that the mass range of interest for (DM) abundance is certainly
of the order of several GeV making the adiabatic approximation very reliable for a(η) ≫ 10−22
well before matter-radiation equality.
The solution to leading adiabatic order (zeroth order) with “out” boundary conditions (III.6)
is given by (see Appendix (C))
hk(η) ∝ e−i
∫ η ωk(η′) dη′ ; ωk(η) =
√
k2 +m2H2Rη
2 , (IV.18)
in terms of which, the zeroth order normalized spinor solutions are given by (we suppress the
conformal time argument for ease of notation)
Us(~k, η) = e
−i ∫ η ωk(η′) dη′√
2ωk(ωk +M)
 (ωk +M) ξs
k s ξs
 , (IV.19)
Vs(−~k, η) = e
i
∫ η ωk(η′) dη′√
2ωk(ωk +M)
 −k s ξs
(ωk +M) ξs
 . (IV.20)
These spinors are eigenstates of the instantaneous conformal time Dirac Hamiltonian ~α·~k+γ0M(η)
with eigenvalues ±ωk(η) respectively.
The spinors U>, V > are given in terms of these by the relations (III.19,III.20), and the Bo-
goliubov coefficients are obtained in the previous section. For masses as large as a few GeV
these solutions are an excellent approximation for a(η) ≫ 10−22 ≫ aeq ≃ 10−4, with corrections
≪ O(10−54) (see appendix (C)).
In appendix (C) we find up to second adiabatic order (see eqns. (C.18,C.19)),
V †(−~k, η)Σ(~k, η)V (−~k, η) = −U †(−~k, η)Σ(~k, η)U(−~k, η) = −ω
[
1− 1
8
( a′
ma2
)2 ( k
γ2 ω
)2]
,
(IV.21)
V †(−~k, η) ~α · ~k V (−~k, η) = −U †(~k, η) ~α · ~k U(~k, η) = − k
2
ωk
{
1− 1
8 γ4
( a′
ma2
)2
× (1 + 1
γ
)
[
1− 1
γ
+ 2(1 +
1
γ
)
( γ − 2
(1 + γ)2
)]}
(IV.22)
where γ ≡
√
1 + (k/ma)2 is the local Lorentz factor. The second terms inside the brackets are
proportional to
(
a′
ma2
)2
≃ 10−54/(m/eV)2 near matter radiation equality, and can be safely ne-
glected. Therefore near matter radiation equality it is justified to keep only the leading (zeroth)
order term in the adiabatic expansion for the spinors.
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The leading adiabatic order spinors (IV.19,IV.20) imply that the inteference terms feature the
oscillatory factors
e±2i
∫ η ωk(η′) dη′ = e±2i
∫ t Ek(t′) dt′ ; Ek(t) =
√
k2p(t) +m
2 ; kp(t) =
k
a(η(t))
, (IV.23)
therefore, the interference terms average out by dephasing on (comoving) time scales . 1/m.
Using the leading order spinors (IV.19,IV.20) in the adiabatic regime during (RD) and the
relations (III.25,III.27) among Bogoliubov coefficients, and, neglecting the interference terms by
averaging over their rapid oscillations 1, we find
ρ(η) = − 2
2π2a4(η)
∫ ∞
0
k2dk ωk(η)︸ ︷︷ ︸
zero point energy density
+
4
2π2a4(η)
∫ ∞
0
k2dk |Bk,s|2 ωk(η)︸ ︷︷ ︸
particle production
, (IV.24)
P (η) = − 2
6π2a4(η)
∫ ∞
0
k2dk
k2
ωk(η)︸ ︷︷ ︸
zero point pressure
+
4
6π2a4(η)
∫ ∞
0
k2dk |Bk,s|2 k
2
ωk(η)︸ ︷︷ ︸
particle production
. (IV.25)
The zero point energy density and pressure coincide with those obtained in [47]. It is straightfor-
ward to show covariant conservation of energy:
ρ˙+ 3
a˙
a
(P + ρ) = 0 , (IV.26)
where the dot stands for derivative with respect to comoving time t. This identity holds separately
for the vacuum and the particle production components. We have purposely kept the vacuum
terms to highlight the ultraviolet divergence. For example for the vacuum contribution to the en-
ergy density, expanding ωk(η) ≃ k+M2(η)/2k− 3M4(η)/8k3+ · · · displays the quartic, quadratic
and logarithmic divergences ubiquitous in the energy momentum tensor. Considering higher order
adiabatic contributions to ρvac;Pvac it is found that these feature ultraviolet divergences up to
quartic adiabatic order[47, 48, 50, 51], therefore the vacuum contribution to the energy momen-
tum tensor must be subtracted up to fourth adiabatic order. However, because |Bk,s|2 falls off
exponentially at large momenta the contribution from particle production is ultraviolet finite.
We renormalize the energy momentum tensor by fully subtracting the zero point, vacuum con-
tributions to all orders in the adiabatic expansion. See discussion on this point in section (VI).
1 It turns out that at zeroth adiabatic order the interference terms ρint vanish identically for each helicity separately,
but not for Pint.
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Because covariant conservation (IV.26) holds separately for both the zero point and particle pro-
duction contributions, the subtraction of the zero point contribution does not affect covariant
conservation of the particle production term.
Remarkably, the contribution from particle production is identified with the kinetic form of
the energy density and pressure, where |Bk,s|2 is the distribution function. The factors 4 in the
numerator of the contribution from particle production of (IV.24,IV.25) arise from two polarizations
and particle and antiparticle states, namely four degrees of freedom.
The contributions from particle production are obtained by changing variables to k = q
√
mHR.
The Bogoliubov coefficient |Bk,s|2 is solely a function of q and is exponentially suppressed for q > 1;
the product q2|Bk,s|2 peaks at q ≃ 0.6 and drops-off exponentially. This behavior is displayed in
figs. (1,2). Writing
ωk(η) = ma(η)
[
1 +
q2
a2(η)
HR
m
]1/2
(IV.27)
near matter radiation equality a ≃ 10−4 and with HR/m ≃ 10−35(eV)/m and q ≃ 1 it follows
that we can safely approximate ωk(η) ≃ ma(η) for m ≥ 10−29 eV, implying that this is a non-
relativistic species. Furthermore, consistently with the approximation of superhorizon modes, the
momentum integrals in (IV.24,IV.25) must be cutoff at a scale kc ≃ 1/ηR =
√
HRHdS , in terms
of the variable q this implies a cutoff qc ≃
√
HdS/m = 1/ε ≫ 1, however, because |Bk,s|2 is
exponentially suppressed for q > 1 the upper limit can be safely taken to infinity. Therefore,
the particle production contributions to the energy density and pressure are given in terms of the
“emergent” temperature TH by
ρpp(η) =
4
√
2m√
π a3(η)
[
mTH
]3/2 ∫ ∞
0
q2 |B(q)|2 dq︸ ︷︷ ︸
0.023
, (IV.28)
Ppp(η) =
8
√
2π
3ma5(η)
[
mTH
]5/2 ∫ ∞
0
q4 |B(q)|2 dq︸ ︷︷ ︸
0.01
. (IV.29)
If |B(q)|2 in the integrands of (IV.28,IV.29) is replaced by 14 e
− k2
2mTH we find the numerical
values in these expressions to be 0.02 , 0.0095 respectively. This similarity has a remarkable con-
sequence: noticing that the pre-factor 1/4 that multiplies the Maxwell-Boltzmann distribution in
the asymptotic limit of |B(q)|2 in (III.43) cancels the factor 4 in the particle-production contri-
butions to (IV.24,IV.25) leads us to conclude that the abundance and the equation of state differ
only by ≃ 10% from those obtained with a Maxwell-Boltzmann distribution function for a single
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non-relativistic degree of freedom at temperature TH and vanishing chemical potential consistent
with particles and antiparticles being produced with equal abundance.
Since the energy density redshifts as matter, we obtain (with ρc = 3H
2
0/8πG ≃ 0.4×10−10 (eV)4,
and Ωdm ≃ 0.25)
Ωpp
Ωdm
= a3(η)
ρpp(η)
0.25 ρc
≃
( m
3 .108GeV
)5/2
. (IV.30)
The equation of state parameter is given by
w(a) =
Ppp(η)
ρpp(η)
≃ 2π
6 a2(η)
(TH
m
)
. (IV.31)
These results differs by . 10% from those obtained for a single a non-relativistic degree of freedom
with a Maxwell-Boltzmann distribution function with a temperature TH = HR/2π since for non-
relativistic particles w ≃< v2 > /3 where < v2 > is the velocity dispersion.
These results suggest that this nearly thermal fermionic species with m ≃ 108GeV can be
produced with the correct dark matter abundance and features the equation of state of cold dark
matter. Such value of the mass is consistent with our main approximation m/HdS ≪ 1 and the
upper bound from Planck for 108GeV ≪ HdS . 1013GeV.
We also note the following consistency aspects:
i:) range of momenta: The integrals for the abundance and pressure are dominated by the
range q ≃ 1, namely, momenta k ≃ √mHR. Therefore for momenta in this range it follows that
kηR ≃
√
m/HdS = ε ≪ 1 for the values of m that saturate the dark matter abundance and HdS
in the above range. Therefore the integrals are dominated by wavelengths that are superhorizon
at the end of inflation, consistently with one of our main approximations.
ii:) neglect of O(ε) terms: In the calculation of the Bogoliubov coefficients we have neglected
O(ε) terms both in the spinors and the functions F ,H. Since the integrals are dominated by the
region q ≃ 1≫ ε and is suppressed at small momenta by phase space ∝ q2, neglecting these terms
is warranted. Including these terms yields corrections of O(ε).
V. ISOCURVATURE PERTURBATIONS:
A. During inflation:
In the case of bosonic theories, adiabatic and entropy perturbations from inflation have been
studied in refs.[52–54] in the case where the bosonic fields associated with curvature and entropy
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perturbations both acquire expectation values. Adiabatic and isocurvature perturbations result
from linear combinations of fluctuations of the different bosonic fields around their respective
expectation values. The case in which only the inflaton field acquires an expectation value was
addressed in ref.[55] within the context of (bosonic) superheavy dark matter produced during
the inflationary era. This study recognized that in the case in which the dark matter field does
not acquire an expectation value the treatment of isocurvature perturbations must be modified
substantially. In particular, in absence of an expectation value for the entropy field there is no
mixing between the fluctuations of this and the inflaton field and no cross correlations between
adiabatic and isocurvature perturbations to linear order. Several subtleties on the interpretation
of isocurvature perturbations in the bosonic case have been discussed in ref.[23].
A similar situation arises in the case of fermionic fields since these cannot acquire an expectation
value. Fermionic isocurvature fluctuations were studied in ref.[56] within a model that couples
fermions to another scalar field via a Yukawa coupling. Although the comoving isocurvature
perturbations are defined by the following correlation function of the (DM) energy momentum
tensor ∫
d3r
(2π)3
ei
~k·~r 〈δ(~x) δ(~x + ~r)〉 ∝ P(dm)(k) , (V.1)
where
δ(~x) =
T
(dm)
00 (~x)− 〈0|T (dm)00 (~x)|0〉
ρ(dm)
(V.2)
ρ(dm) = 〈0|T (dm)00 (~x)|0〉 , (V.3)
the authors of ref.([56]) only consider the correlations involving the composite operator mψψ and
take ρ(dm) ≡ m〈ψ ψ〉 .
The case that we study here departs from the model studied in ([56]) in several crucial aspects:
i:) we do not consider any coupling of the fermionic fields to any other bosonic field, ii:) the
fermion field in our case is in the Bunch-Davies vacuum state. As we discussed in detail in the
previous section, we renormalize the energy momentum tensor by completely subtracting the vacuum
contribution, hence during inflation the renormalized ρ(dm) = 0. Therefore, the (DM) energy
density perturbation (V.3) cannot even be defined in the case that we study here.
As discussed in section (IV) and in more detail in refs.[9, 40–51] the expectation value of
the energy momentum tensor features quartic, quadratic and logarithmic divergences, these are
renormalized by subtractions absorbed in the counterterms in the gravitational action described
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in section (IV). The finite part of 〈0|Tµν |0〉 is not unique and depends on the renormalization
prescription. When the field acquires an expectation value (background) the identification of ρ(dm)
as that from the background energy momentum tensor, and δ as the contribution to the energy
momentum tensor linear in the fluctuations of the field are unambiguous. However, in absence of a
background expectation value, the energy momentum tensor is at least quadratic in the fluctuations
and its renormalization yields a finite part that depends on the renormalization procedure. In this
scenario ρ(dm) and δρ are not uniquely defined. Because we subtract the full expectation value of
the energy momentum tensor in the Bunch-Davies vacuum state, it follows that ρ(dm) = 0 during
inflation in our renormalization scheme.
Therefore, neither the analysis of ref.([55]) nor that of ref.([56]) which specifically considers
fermionic degrees of freedom, applies to the case that we study here.
B. Post inflation:
The discussion above has focused on the generation of entropy perturbations during inflation
and the applicability of the framework introduced in ref.[55, 56]. However, the relevant aspect is
how entropy (isocurvature) perturbations affect the temperature power spectrum of the (CMB). In
the usual approach to cosmological perturbations, adiabatic and isocurvature perturbations during
inflation provide the initial conditions of the respective perturbations upon horizon re-entry during
the radiation (or matter) dominated era. As discussed in detail in refs.[53, 54], the initial conditions
of isorcurvature perturbations are determined by the set of transfer functions discussed in ref.[53].
These, in turn, are proportional to the “mixing” (or correlation) angle which is determined by the
expectation value of the entropy field, and vanishes identically in the fermionic case.
Furthermore, as we discussed above the framework introduced in ref.[56] cannot be applied
directly to the case that we study because the renormalization procedure that we follow subtracts
the full expectation value of the energy momentum tensor in the Bunch-Davies vacuum during
inflation. Therefore the background density vanishes identically in our case. This directly implies
that the initial conditions for isocurvature perturbations during the radiation dominated era cannot
be determined during the inflationary stage. In the radiation era the energy density and pressure
feature three contributions: the vacuum contribution is subtracted out in the renormalization
procedure, the interference term is rapidly oscillating in the adiabatic regime ( for the energy
density it vanishes at the leading adiabatic order) and therefore its expectation value averages out
on short time scales, and the contribution from particle production, which in the adiabatic regime
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features the kinetic fluid form. It is this latter term that is the relevant one (after renormalization)
to understand dark matter perturbations, the distribution function is completely determined by
the Bogoliubov coefficient |Bk|2. The influence of isocurvature perturbations on the (CMB) is a
result of solving the system of Einstein-Boltzmann equations for linear cosmological perturbations,
in which |Bk|2 is the distribution function of the unperturbed (DM) component, and ρpp (IV.24)
describes the background density. This set of Einstein- Boltzmann equations must be appended
with initial conditions, which are determined from the respective super-horizon perturbations at
the end of inflation. From the above discussion, it is clear that in the case of fermions, the proper
initial conditions for isocurvature perturbations remain to be understood.
The corollary of this discussion is that a proper definition of the power spectrum of entropy per-
turbations in the case when the fields do not acquire expectation values remains to be understood
at a deeper level. The caveats associated with the renormalization of the energy momentum tensor
along with its correlations remain to be clarified in a consistent and unambiguous manner. These
include a proper account of the fact that there is no natural manner to renormalize the divergences
in a power spectrum obtained from the connected correlation function of the energy momentum
tensor. These remain even when the zero point contribution to the energy density is completely
subtracted. The contribution of zero point energy correlations to non-linear perturbations merits
deeper scrutiny, since even the fluctuations of the inflaton yield zero point contributions to the
energy density and all other fields that are either produced or excited post-inflation presumably
also contribute to the zero point energy density during inflation. A satisfactory resolution of these
important issues, necessary to quantify reliably the impact of non-linear entropy perturbations is
still lacking, and is clearly well beyond the scope of this study.
VI. DISCUSSION:
On reheating: The non-equilibrium reheating dynamics leading to a (RD) dominated era after
inflation, is still a subject of much research. Reheating dynamics is not universal, as a large body of
studies show, depending on particular forms for the inflaton potential and the couplings of particles
within and beyond the standard model to the inflaton and/or other degrees of freedom, thereby
yielding model dependent descriptions with widely different time scales depending on generally
unknown couplings and masses. See ref.[31] for a review.
One of our main assumptions is to focus on wavelengths that are superhorizon at the end of
inflation. Two aspects of this assumption justify one of our main approximations, that of instanta-
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neous reheating: the dynamics of the mode functions for these wave-vectors is on long time scales,
hence insensitive to the reheating dynamics occurring on much shorter time scales. Furthermore,
in principle, wavelengths larger than the particle horizon are causally disconnected from the micro-
physical processes of thermalization. While this assumption seems physically reasonable, it must
be tested quantitatively. This requires studying a particular model of reheating dynamics, which
however, would yield conclusions that would not be universally valid. Perhaps a simple model that
dynamically and continuously interpolates (with continuous scale factor and Hubble rate) between
a near de Sitter inflationary stage and a post-inflation (RD) stage would illuminate the validity of
the instantaneous approximation. Such study would, undoubtedly, require a substantial numeri-
cal effort to solve the mode equations during the transition and matching to the solutions in the
subsequent (RD) era. Clearly such a study is beyond the scope of this article but merits further
attention.
Radiation density vs number of degrees of freedom. During (RD) the Hubble rate is
proportional to
√
g with g the effective number of ultrarelativistic degrees of freedom. In our
analysis we took ΩR to be the radiation component today, corresponding to 2. Therefore the value
of HR (II.33) and consequently of TH in (IV.28,IV.28) scales as
√
g/2. For a fixed value of the mass
m the ratio (IV.30) is multiplied by a factor (g/2)3/4 . If we assume only standard model degrees
of freedom being thermalized after reheating, g ≃ 100, in turn this implies that the numerator in
the bracket of (IV.30) is replaced by m→ ≃ 3m. Hence the value of the mass that saturates the
(DM) abundance is replaced by m ≃ 108GeV, a simple rescaling by a factor O(1). Therefore, just
taking the radiation fraction to be today’s value yields a lower bound on the abundance and upper
bound on the mass that saturates the (DM) abundance. In any extension beyond the standard
model g will be larger, this implies that the ratio (IV.30) must be multiplied by (g2 )
3/4 and the
equation of state w → w
√
g/2. The main conclusions remain the same with only a quantitative
change: in the case of the standard model with g ≃ 100, by a factor of O(1) in the mass bound
and abundance, and a factor ≃ 10 in the equation of state, which, however will still describe cold
dark matter.
When are particles produced?: This question does not have a unique answer. As discussed
in refs.[46, 57] a time dependent number operator for produced particles depends on the basis to
define these particles. Different definitions or basis correspond to including higher adiabatic orders.
While all these definitions yield the same number of particles asymptotically at long time when
the adiabatic approximation becomes reliable, they differ in the production dynamics during the
32
non-adiabatic stages. This fact has been discussed in detail in ref.[23] and illustrated with various
examples in ref.[57]. We emphasize that we do not introduce a number operator associated with
a particular definition, instead we study the full energy momentum tensor and unambiguously
extract the contribution of produced particles asymptotically when the adiabatic approximation is
very reliable. During the non-adiabatic stages at the end of inflation and early (RD) era, different
definitions will yield very different dynamics. Furthermore, as emphasized above, the continuity of
the solutions of the Dirac equation, along with the continuity of the scale factor and Hubble rate
at the transition from inflation to (RD) ensure that the energy momentum tensor is continuous
across the transition. Therefore there is no “burst” of particle production at the transition.
Renormalization:
We have emphasized that the renormalization scheme that we implement subtracts completely
the zero point contribution both during inflation and in (RD). Such scheme is, in fact, completely
consistent with the usual working assumptions in (semiclassical) cosmology during and after infla-
tion. For example, in the case of the inflaton, the background contribution to the energy momentum
tensor is separated and assumed to drive inflation, the linearized perturbation of the energy mo-
mentum tensor around the background sources linear metric perturbations, but the quadratic and
higher terms in the fluctuations are generically neglected. However, these terms feature the ul-
traviolet divergences that must be renormalized; in not including this contribution in Einstein’s
equations, it is effectively completely subtracted out. Furthermore, if the standard model degrees of
freedom are truly fundamental, they all contribute to the energy momentum tensor during inflation
as well, when, presumably, all of these fields are in their (Bunch-Davies) vacuum state and their
contribution amounts to zero point energy density and pressure. Not including their contribution
in the dynamics of the geometry is tantamount to subtracting completely their contribution to the
energy momentum tensor. In the (RD) era, the energy density of particles in thermal equilibrium
is the expectation value of the Hamiltonian in the thermal density matrix and features the zero
temperature zero point energy, which is ultraviolet divergent and is subtracted out. Therefore,
the renormalization scheme that we adopt is consistent with the usual subtraction of zero point
energies in cosmology.
Comparison to previous work. In refs. [27, 30] the gravitational production of fermions was
studied. Our independent analysis agrees with some of these results while also presenting crucial
differences. Regarding points of agreement: 1.) The long wavelength limit of the Bogoliubov
coefficient |Bk,s|2 → 1/2 as k → 0 is consistent with the Pauli blocking term in Fermi-Dirac
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distribution and confirms a similar limit in ref.[27]. 2.) For m ≪ HdS , we find that the final
abundance does not feature any dependence on the inflationary stage in agreement with the results
of ref.[27]. Moreover we find that this abundance has an overall dependence on the mass scale of
the fermion species consistent with the result of [30]. 3.) The abundance we obtain saturates the
necessary dark matter energy density at the same mass scale as obtained in [27, 30]. We note that
this is likely a consequence of m and HR (the Hubble scale during RD) being the only relevant
scales in the m≪ HdS scenario.
However, we also recognize important differences in our results from the literature: 1.) For
large k, our distribution given by (III.45) is in stark contrast to the behavior shown in fig. (1) of
[27] (see m≪ HdS case). The authors quote a power law |Bk,s|2 ≃ k−4 for large k regarding modes
which are super-horizon at the end of inflation. This disagrees with our description of Maxwell-
Boltzmann-like exponential behavior for these same modes. We do not understand the origin of this
important difference. 2.) The matching conditions employed in [27] for enforcing continuity of the
mode functions from inflation to RD are quite distinct from our procedure. We perform an in-out
calculation, analytically solving the equations of motion for the mode functions in the m ≪ HdS
limit. While the solution in the inflationary regime is fixed by our initial condition (BD vacuum,
in-state), the solution in RD regime must be the general solution constructed out of a linearly-
independent combination of solutions. Each particular solution of this linear combination smoothly,
asymptotically matches onto our adiabatic, out-states (i.e. our particle and anti-particle states with
associated u-type and v-type spinors.) Thus our matching condition leads to (III.19,III.20) where
a u-type spinor in inflation is a linear combination of u-type and v-type spinors in RD. In [27],
the u-type spinors of inflation are matched with solely u-type spinors during RD. We believe this
important difference is a result of the authors in [27] using a time-dependent particle number which
we do not resort to for reasons discussed above. 3.) Neither [27] nor [30] obtain the energy density or
pressure. Given their result of |B|2 ∝ 1/k4 these quantities would depend logarithmically on HdS as
discussed above. 4.) In [27], the authors introduce an upper bound on the mass of the dark fermion
candidate for their calculation to be consistent. When this upper bound is imposed the produced
particle abundance becomes negligible and cannot saturate the necessary dark matter abundance.
Conversely, in our calculation we do not find any upper bound more restrictive than m ≪ HdS
making our result (IV.30) robust and general. To be clear, we have shown self-consistently, that
only the low momentum, superhorizon modes contribute to the abundance and equation of state;
therefore, our instantaneous reheating approximation is well-justified and our results are insensitive
to any reheating model-dependent parameters.
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Fermions vs Bosons: Ref. [23] studied the cosmological particle production of scalar particles
both minimally (MC) and conformally (CC) coupled to gravity focusing on ultralight dark matter
candidates (m ≪ HdS) under the same assumption of an instantaneous transition to the (RD)
era. Thus we can now compare the results of that study with the analysis conducted here. The
result for the abundance in the bosonic (CC) case given by eqn. (V.42) in ref.[23] is remarkably
similar to the fermionic abundance (IV.30) after the proper rescaling of the energy units. However,
the similarity of the results conceals very important differences between the bosonic and fermionic
cases.
First we highlight the differences in the produced particle distribution (focusing on the asymp-
totic regimes) using equations (III.43) and (III.63, III.69 from [23]):
k ≪
√
mHR :
Nk,s ≃ 1
2
(Fermions) Nk ∝1
k
(CC) Nk ∝ 1
k3
(MC)
k ≫
√
mHR :
Nk,s ≃ e−
k2
2mTH (Fermions) Nk ∝ 1
k8
(CC) Nk ∝ 1
k4
(MC)
In all three cases the distribution function is peaked at low co-moving wave vectors. However, in
the fermion case it is bound by Pauli blocking at very low momentum reaching the maximum value
1/2 and is exponentially suppressed for large momenta by the thermal factor, while in the bosonic
case the distribution function diverges as a power law in the infrared and falls off with a different
power law at large momentum. The distribution functions for the bosonic (CC) and the fermionic
case are displayed in Fig. (4)).
For minimally coupled bosons extracting the matter-like contribution to the energy density (the
component which redshifts as 1/a3(η)) requires introducing an upper integration bound (k . maeq).
When combined with the stipulation of superhorizon modes at the end of inflation (kηR ≪ 1),
this results in an upper mass bound m . 1aeqηR ≃ 0.01 eV for ultralight, non-adiabatic particle
production. This bound does not obtain in the case of fermions as the exponential suppression of
the distribution function permits one to integrate over all momenta self-consistently as discussed
above. Thus, one can consider non-adiabatic particle production of TeV-scale fermions (or even
higher) with only m≪ HdS required.
The comparison between fermions and conformally coupled bosons is more apt as both cases
obey the same de Sitter mode equation for superhorizon modes (for m ≪ HdS) (III.3). This is
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Figure 4: The produced particle distributions N(q) where q = kmHR for conformally coupled bosons (blue)
and fermions (gold). (Colors available online.)
unsurprising since in either case there is no direct coupling between the scalar curvature and the
quantum fields. However, despite these similarities with conformally coupled bosons, the fermion
mode functions do not feature an infrared enhancement (compare (III.33) with (III.12) of [23])
unlike those of either bosonic case. This discrepancy is a consequence of the normalization of
the fermion spinors, and ultimately the canonical anticommutation relations and Pauli blocking,
and explains the differences in the low momentum behavior of the distribution functions (see Fig.
(4)). These differences in the distribution function are not a just a formal issue, the moments of
the distribution function will be very different. These moments enter in the Boltzmann hierarchy
for the coupled radiation-matter-gravitational perturbations during the (RD) era prior to matter
radiation equality. Therefore, despite the similarity in the abundance between the bosonic (CC)
and fermionic cases, we expect substantial modifications in the transfer functions obtained from
Boltzmann codes from the two very different distribution functions. These aspects remain to be
studied further, however they are beyond the scope of this article.
On thermality: A noteworthy aspect of our result is a near thermal distribution of produced
particles with the distribution function (III.45). It yields a near thermal abundance and equation
of state very similar to that of one non-relativitistic degree of freedom with a Maxwell-Boltzmann
distribution at the “emergent temperature” TH . The surprising emergence of this temperature is
unexpected because an (RD) cosmology does not feature an event horizon, hence this temperature
cannot be identified with Gibbons-Hawking radiation[58]. Aspects of thermality in the distribution
of particles produced via cosmological expansion were also revealed in early work in refs.[25, 59]
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in very different cosmological settings. Ref.[25] studied cosmological production in a radiation
dominated cosmology including and extending the singularity, the authors find a distribution of
particles that is also non-relativistic with en effective temperature (see also [9] section 3.5). A
similar conclusion was reached in ref.[59] that studied cosmological particle production in a path-
integral framework but with a different cosmological model with scale factor ∝ t (t being comoving
time), and an effective temperature that is ∝ a(t). Our results apply to a very different situation
since we consider fermion fields, initial “in” conditions during inflation, and match onto (RD).
Furthermore, the “emergent temperature” that we find, TH , is independent of time. Therefore,
while the results of the early references [25, 59] suggest a general “thermality” aspect of the
distribution of produced particles, the relationship to our results, if any, and the physical origin of
the near thermal spectrum is not clear to us.
VII. CONCLUSIONS AND FURTHER QUESTIONS:
We have studied the gravitational production of fermionic dark matter during inflation and
radiation domination under a minimal set of assumptions: i) its mass m is much smaller than the
Hubble scale during inflation, described as de Sitter space time, ii) only interact gravitationally,
iii) fermions are in the Bunch-Davies vacuum state during inflation, iv) focus on wavelengths that
are well outside the Hubble radius at the end of inflation, v) a rapid transition from inflation to
(RD).
We solve exactly the Dirac equation during inflation and radiation domination with “in” and
“out” boundary conditions and match the solutions at the transition. Particle-antiparticle pairs are
produced non-adiabatically with a distribution function |B(k)|2 = 12
[
1−(1−e− k22mTH )1/2] exhibiting
an emergent temperature TH = H0
√
ΩR/2π ≃ 10−36 eV with H0,ΩR the Hubble expansion rate
and radiation fraction today respectively. This distribution function is remarkably similar to a
Maxwell-Boltzmann distribution for a non-relativistic species with vanishing chemical potential, in
agreement with the fact that particles and antiparticles are produced with the same distribution.
With the exact solution we obtain the full energy momentum tensor, discuss in detail its renor-
malization and extract unambiguously the contribution from particle production near matter ra-
diation equality. We show that after renormalization this contribution features the kinetic-fluid
form with |B(k)|2 as the distribution function. We obtain the energy density ρpp, pressure Ppp and
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equation of state parameter w(a) of the produced particles factor a
ρpp = 0.074
m
a3
[
mTH
]3/2
Ppp = 0.067
[
mTH
]5/2
ma5
w(a) =
Ppp
ρpp
≃
[ TH
ma2
]
,
where a is the scale factor. Remarkably these correspond to a nearly thermal non-relativistic
species in equilibrium at temperature TH and vanishing chemical potential, with the equation of
state function related to the velocity dispersion for this species as w(a) ≃ 〈V 2〉/3. The departure
from an exactly thermal non-relativistic single species with a Maxwell-Boltzmann distribution at
temperature TH is . 10%. The reason behind this small discrepancy is the behavior of |B(k)|2 as
k → 0.
The ratio of the abundance of produced particles to the dark matter abundance is given by
Ωpp
Ωdm
=
( m
3 .108GeV
)5/2
. (VII.1)
Therefore, a fermionic particle with mass ≃ 108GeV can be produced gravitationally, with the
correct dark matter abundance and constitutes cold dark matter.
The integrals yielding ρpp, Ppp are dominated by wavevectors k .
√
2mTH and these correspond
to wavelengths that are well outside the Hubble radius at the end of inflation, confirming self-
consistently the validity of the main approximation of focusing solely on these wavevectors for the
matching conditions from inflation to (RD),
We discuss important aspects of renormalization during both the inflationary and (RD) era
which imply subtle uncertainties associated with an unambiguous determination of isocurvature
perturbations from gravitationally produced fermions. These uncertainties are not only a char-
acteristic of fermionic degrees of freedom, but apply generally to fields that do not acquire an
expectation value during inflation and whose energy momentum tensor feature ultraviolet diver-
gences of the zero point contributions that must be renormalized by proper subtractions. These
subtractions depend on the particular renormalization scheme, therefore the finite part of the en-
ergy density and pressure arising from the renormalization of the zero point contributions would
be scheme dependent. Our procedure is to subtract completely the zero point contributions, and
we argue that this procedure is implicitly implemented in all treatments of inflationary dynamics.
However, the corollary of this subtraction is that the initial conditions for isocurvature perturba-
tions during radiation or matter domination cannot be defined during the inflationary epoch. The
resolution of these aspects remains a subject of further study.
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The origin of thermality in the distribution function is also an aspect that merits further un-
derstanding, since it cannot be identified with a Gibbons-Hawking temperature because an (RD)
cosmology does not feature an event horizon.
Appendix A: Properties of the solution (III.18):
During the (RD) stage the solution of the mode functions is given by (III.18) with z, α given by
eqns. (III.15,III.17) respectively. Using the properties of the parabolic cylinder functions[36–39]
we find for |z| ≫ |α|
Dα[
√
2eiπ/4 z] ≃ e−i z
2
2
[√
2eiπ/4 z
]α[
1 + · · ·
]
, (A.1)
and for |α| ≫ |z| ≫ 1
Dα[
√
2eiπ/4 z] ≃ e
πq2/8√
2q2
e−izq
[
1 + · · ·
]
, (A.2)
Up to an overall phase and normalization, these limits describe the asymptotic WKB solution
(IV.18) yielding the spinor solutions (IV.19,IV.20) valid in the adiabatic limit. Note that the term
eπq
2/8 cancels the normalization factor (III.40) in this limit, yielding the correct normalization of
the spinors (IV.19,IV.20).
Since the matching condition is evaluated at ηR, in terms of the variable z it follows that
zR =
√
mHR/
√
HRHdS = ε≪ 1. For z ≃ 0 we find
Dα[ϑ] = Dα[0]
[
1 +
1
2
(1 + iq2)ϑ2 + · · ·
]
+
d
dϑ
Dα[ϑ]
∣∣∣
ϑ=0
ϑ
[
1 +
1
12
(1 + iq2)ϑ2 + · · ·
]
. (A.3)
At the transition time η = ηR it follows that
q2z2R =
k2
mHR
mHR η
2
R = (kηR)
2 ≪ 1 , (A.4)
for superhorizon wavelengths at the end of inflation. Therefore, for ε ≪ 1, and kηR ≪ 1 we can
reliably approximate
Dα(zR) ≃ Dα(0) ; d
dη
Dα(z)|zR ≃
d
dη
Dα(z)|z=0 . (A.5)
Appendix B: Calculation of |Bk,s|2
Neglecting terms of O(ε) the spinors U ,V are given by
Us(~k, η) ≃ N˜
 ih′k ξs
k hk s ξs
 , (B.1)
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Vs(−~k, η) ≃ N˜
 −k h∗k s ξs
−ih∗′k ξs
 . (B.2)
The normalization constant is determined by
|N˜ |2
[
|h′k(ηR|2 + k2|hk(ηR|2
]
= 1 , (B.3)
using the identities[36]∣∣∣Γ(1
2
+ i
q2
4
)
∣∣∣2 = π
cosh[πq2/4]
;
∣∣∣Γ(1 + iq2
4
)
∣∣∣2 = π(q2/4)
sinh[πq2/4)]
. (B.4)
we find
|N˜ |2 = e
−πq2/4
2mHR
. (B.5)
The final form of |Bk,s|2 is given by eqn. (III.41), neglecting terms of O(ε) as discussed in
section (IIIC) we find
H∗k(ηR)hk(ηR) +Hk(ηR)h∗k(ηR) =
eiπ/4
Γ(12 − i q
2
4 ) Γ(1 + i
q2
4 )
+
e−iπ/4
Γ(12 + i
q2
4 ) Γ(1 − i q
2
4 )
. (B.6)
Using the doubling formula for Gamma functions[36, 38, 39], and defining q2/4 ≡ y
Γ(1 + iy) Γ(
1
2
− iy) = 2√π y eiπ/2 e2iy ln(2) Γ(−2iy) Γ(iy)
Γ(−iy) , (B.7)
and writing
Γ(−2iy) Γ(iy)
Γ(−iy) =
∣∣∣Γ(−2iy)∣∣∣ eiΦ(y) ; ∣∣∣Γ(−2iy)∣∣∣ = [ π
2y sinh[2πy]
]1/2
, (B.8)
where
Φ(y) = Im
{
ln[Γ(−2iy)] + ln[Γ(iy)]− ln[Γ(−iy)]
}
. (B.9)
Using the identity[36, 38, 39]
ln[Γ(z)] =
(
z − 1
2
)
ln(z) − z + 1
2
ln(2π) +
∫ ∞
0
[
1
2
− 1
t
+
1
et − 1
]
e−iz
t
dt , (B.10)
we find
Φ(y) = −π
4
− 2y ln(2) , (B.11)
which, combined with the normalization factor (III.40) yields the final result (III.42).
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Appendix C: Adiabatic expansion for Fermi fields:
In this appendix we provide a discussion of the adiabatic approach to fermionic degrees of
freedom which is alternative to the framework discussed in refs.[47–51], with the advantage that
it yields more compact expressions for the energy density and pressure. We write generically the
spinors as U , V with the understanding that during (RD) these are to be identified with the
solutions U ; V.
Consider the mode equation (we suppress the momentum label and conformal time arguments
for ease of notation)
h
′′
+ (ω2 − iM ′)h = 0 (C.1)
and propose the solution
h(η) = e−i
∫ η Ω(η′) dη′ ; Ω = ΩR + iΩI . (C.2)
Introducing this ansatz into the mode equation (C.1) yields
Ω2 + iΩ′ − ω2 + iM ′ = 0 , (C.3)
separating the real and imaginary parts yields the coupled system of equations
Ω2R − Ω2I − Ω
′
I − ω2 = 0 (C.4)
2ΩRΩI + (Ω
′
R +M
′) = 0 ⇒ ΩI = −(Ω
′
R +M
′)
2ΩR
. (C.5)
The above equations can be solved in a consistent adiabatic expansion in derivatives of ω,M with
respect to conformal time. A corollary of these equations is that ΩR,ΩI feature an adiabatic
expansion even and odd in the number of derivatives (adiabatic order) respectively, with
Ω
(0)
R = ω ; Ω
(0)
I = 0 ; Ω
(1)
R = 0 ; Ω
(1)
I = −
(ω′ +M ′)
2ω
; Ω
(2)
R =
(Ω
(1)
I )
2 + (Ω
(1)
I )
′
2ω
; Ω
(2)
I = 0 · · · .
(C.6)
To highlight the nature of the adiabatic expansion, consider the dimensionless ratio
Ω
(1)
I
Ω
(0)
R
= − a
′
ma2
[ 1
γ2
+
1
γ3
]
(C.7)
γ =
√
k2
m2a2
+ 1 ≥ 1 (C.8)
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is the local Lorentz factor. The ratio (C.7) highlights that the adiabatic approximation becomes
reliable for long wavelengths for a′/ma2 ≪ 1.
In the representation (C.2) it follows that the spinors can be written compactly as
Us(~k, η) = N e
−i ∫ η ωk(η′)dη′
 (Ω +M) ξs
k s ξs
 , (C.9)
Vs(−~k, η) = N ei
∫ η Ω∗
k
(η′)dη′
 −k s ξs
(Ω∗ +M) ξs
 , (C.10)
with N a normalization constant. The orthogonality conditions U †sUs′ = 0, V
†
s Vs′ = 0 for s 6= s′ and
U †s Vs′ = 0 for all s, s′ are evident. Furthermore, using the equations (C.4,C.5) it is straightforward
to show that
d
dη
(
U †s Us
)
= 0 ;
d
dη
(
V †s Vs
)
= 0 , (C.11)
therefore normalizing the spinors U †sUs′ = δs,s′ = V
†
s Vs′ it follows that
|N |2 e2
∫ η ΩI(η′)dη′
[
Ω2R +Ω
2
I + ω
2 + 2MΩR
]
= 1 . (C.12)
Up to an overall constant phase this equation yields
N =
e−
∫ η ΩI(η′)dη′[
Ω2R +Ω
2
I + ω
2 + 2MΩR
]1/2 . (C.13)
Using this result, the general form of the normalized spinors is given by
Us(~k, η) =
e−i
∫ η ΩR(η′)dη′[
Ω2R +Ω
2
I + ω
2 + 2MΩR
]1/2
 (Ω +M) ξs
k s ξs
 , (C.14)
Vs(−~k, η) = e
i
∫ η ΩR(η′)dη′[
Ω2R +Ω
2
I + ω
2 + 2MΩR
]1/2
 −k s ξs
(Ω∗ +M) ξs
 . (C.15)
To leading (zeroth) adiabatic order with ΩR = ω,ΩI = 0 we find the spinors given in eqns.
(IV.19,IV.20).
It is straightforward to find the general result (for each polarization s) (Σ = α · ~k + γ0M)
V †(−~k, η)Σ(~k, η)V (−~k, η) = −U †(~k, η)Σ(~k, η)U(~k, η) = −M(Ω
2
R +Ω
2
I + ω
2) + 2ω2ΩR[
Ω2R +Ω
2
I + ω
2 + 2MΩR
] . (C.16)
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V †(−~k, η) ~α · ~k V (−~k, η) = −U †(~k, η) ~α · ~k U(~k, η) = − 2k
2
(
ΩR +M
)[
Ω2R +Ω
2
I + ω
2 + 2MΩR
] . (C.17)
These results imply that the adiabatic expansion for both energy density and pressure is even
in adiabatic derivatives confirming some results in ref.[47].
Up to second order in the adiabatic expansion we find
V †(−~k, η)Σ(~k, η)V (−~k, η) = −U †(~k, η)Σ(~k, η)U(~k, η) = −ω
[
1− 1
8
( a′
ma2
)2 ( k
γ2 ω
)2]
, (C.18)
V †(−~k, η) ~α · ~k V (−~k, η) = −U †(~k, η) ~α · ~k U(~k, η) = − k
2
ωk
{
1− 1
8 γ4
( a′
ma2
)2
× (1 + 1
γ
)
[
1− 1
γ
+ 2(1 +
1
γ
)
( γ − 2
(1 + γ)2
)]}
(C.19)
where γ ≡
√
1 + (k/ma)2 is the local Lorentz factor. These results agree with those in ref.[47].
For a ≃ aeq ≃ 10−4 it follows that ( a′
ma2
)2
≃ 10
−54
(m/eV)2
. (C.20)
At leading (zeroth) adiabatic order ΩR = ω; ΩI = 0 the spinors are instantaneous eigenstates
of the instantaneous conformal time Dirac Hamiltonian Σ(~k, η), namely,
Σ(~k, η)U(~k, η) = ω U(~k, η) ; Σ(~k, η)V (~k, η) = −ω V (~k, η) . (C.21)
Consequently the interference terms ρint (IV.12) vanish identically at zeroth adiabatic order, how-
ever, this is not the case for the interference terms in the pressure.
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